1. Introduction* Let p(x) ^ 0, x e [0, a], be the density of a string fixed at the points x = 0 and x = a under unit tension. The natural frequencies of the string are determined by the eigenvalues of the differential system (1) n" + Xp(x)u = 0, u(0) = u(a) = 0 .
We note that these eigenvalues depend on the density function p(x) and denote them accordingly by o < \(p) < UP) < UP) < .
M. G. Krein [5] has found the sharp bounds Sharp lower bounds are found in [1] when instead of the condition p(x) g H, we have p(x) either monotone, p(x) convex, or p{x) concave. The precise definitions of convex and concave are given below.
In this paper, we find sharp upper bounds for X n (p) (n = 1, 2, 3, •) whenever p(x) belongs to any one of the following sets of functions:
(a) E λ (M, H, a) , the set of monotone increasing functions where (M, H, a) , the set of continuous convex functions, i.e., continuous functions p (x) In general, the values of the maxima appear as the roots of a transcendental system of equations and are not obtained explicitly. However, explicit bounds are given in some special cases. The methods used generalize to give bounds for the eigenvalues of a vibrating rod. Upper bounds are also found for the lowest eigenvalue of a vibrating membrane over a circular domain when the density is bounded and convex and also when the density is concave.
We make use of the following lemmas. LEMMA [a, 6] . 
Let p(x) and q{x) be nonnegative integrable functions defined for x e [a, b] and let f(x) be nonnegative, continuous and monotone increasing in

If c e (a, b) is such that p(x) ^ q(x)for x e (a,c) and p(x) ^ q(x) for x e (c, b) y then p(x)dx -I q(x)dx
a
// f(x) is monotone decreasing, the inequality sign is reversed.
A proof of this lemma is given in [1] . LEMMA 
Let E k be one of the classes of functions defined above. There exists a function p(x) e E k such that
that is when p(x) is concave, we take H = .) It follows that a Hence, there is a number μ such that (M, H, a) such that
The convergence is uniform for x e[0,a] and furthermore
In particular if p(x) e E k , then the functions p v (x) also belong to E k . We now show that in each of the cases k = 1, 2, 3, p(x) e E k also.
We first consider E X (M, H, α) , that is, the family of all monotone
w\ (x λ < x < x 2 ) 9 then the same inequality must hold in the limit. It then follows that p(x) is increasing. For the family E 2 (M, H, α) , that is for convex p{x), we first note that the functions p v (x) (v = 1, 2, •••) are also convex. We now consider these functions while restricting x to lie in the interval [δ, a-δ] where 0 < δ < α/2. From the convexity of p v (x), it follows that
Hence {p v (x)} is an equicontinuous family of functions in this interval. We now consider
+ fe) "~+ θh) for some 0 < θ < 1, it follows from the equicontinuity that the first term on the right may be made small by choosing h small. The last may be made small by choosing h small since σ [(x) = p(x) . Then for fixed h, the middle term may be made small by choosing v sufficiently large. Thus p v (#) -> p(x) as y -> oo in any closed interval properly contained in (0, a). Hence we must have point wise convergence and p(x) must be convex, x e (0, α). The corresponding result for the family of functions E 3 (M, α) , that is when p(x) is concave, follows directly from the convex case by con-
where u n {x) is the normalized eigenfunction corresponding to X n (p) and [\δp)dx = 0.
Jo
Consider the differential system associated with a vibrating string of linear density p(x) + εq(x) Ξ> 0, namely
We denote the nth. eigenvalue of this 0 system by X n (p) + εμ n and the corresponding eigenfunction by u n (x) + εvjx) where u n (x) is the eigenfunction corresponding to X n (p). u n + εv n (x) then satisfies the equation
Multiplying this by u n (x) and integrating the resulting expression over the interval (0, α), we get
S a Γa
u"u n dx --X n (p) and taken \ pu\dx = 1. By Lemma 2 there exists a monotone bounded function p(x) e E λ iM, H, a) such that λ n (/t>) = max pe23l λ Λ (p). Hence, letting pix) = pix) in the variational formula (2), we have 8X n ip) ^ 0. We now show that unless pix) e E^M, H, a) is a step function with at most n discontinuitieŝ XniP) > 0 for some 8p = εq where pix) + 8pix) e E^M, H, a). Hence, pix) must be a step function with at most n discontinuities. 1 Let ujx) be the eigenfunction corresponding to λ n (p). Denote the nodal points of ujx) by x k (fc = 0,1, , n) where x 0 = 0 and x n = a. Since u n ix) has only one extremum point in each of the intervals ix k -lf
, vήulix) has only one maximum there. Let that point
Since α fc is the mean value of pix) in ix k~19 x k ) and p(ίc) is monotone increasing, it follows that
, ^). Hence, it is possible to find a point ξ k e (x k9 x k ) such that
satisfies the relation
We have taken a n+1 = iί, the upper bound of p(#). In each of the intervals (
, n), r(ίc) and p(a?) satisfy the hypothesis of Lemma 1.1 relative to ul(x). Hence, we have
Jo
The equality sign will hold if and only if p(x) = r(x), i.e., p(x) is constant or is a step function with precisely one jump in each of the in"
, then for small ε > 0 Lemma 3 gives the result
is a step function with at most n jumps in (0, a). Finally, we show that the maximizing density cannot be a constant so that there must be at least one jump. We first consider the lowest eigenvalue. We show that δ\(p) > 0 when p(x) = M/a for a particular Sp = εq.
The eigenfunction corresponding to λ^ikf/α) is
If we let
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f-e if x e (0, α/2 + rj) , δp(#)d# = 0 and
From the symmetry of u x {x) about the point x = α/2 and Lemma 1 it is easily seen that
The corresponding result for the higher eigenvalues can be obtained t>y choosing
Λvhere 0 < ^ < α/2w. It then follows from the periodicity of u n (x) = τ/2/αsin nπx a and the argument used for X^M/a) that X n {Mfa) cannot be a maximum value of λ Λ (p), p e E X {M, H, a). The upper bound of \(p), p e £Ί(M, iί, α) is thus given as the maximum of the lowest eigenvalue of the system. The eigenfunctions of (3), are [2] (sin
where X n (Pβ) is the wth positive root of tan (ξaVxθH) + vTtan α(l -f )i/λ!f = 0 .
We could now compute dθ and determine the value which
The determination of the bounds for the higher eigenvalues is also seen to be a problem in ordinary calculus since the jumps of the step function which give the maximum must occur in the open interval (0, a). (M, H, a) . THEOREM 
Convex density functions* Let
p(x), x e [0, a] be a continuous S α p(x)dx = M and 0 ^ p(x) ^ H, that is, let p(x) e E 2
Let \(p) be the lowest eigenvalue of a string with fixed end points and with density p{x) e E 2 {M y H, a). Then where μ(h) = [6(h -l)^]
2 /^3 and t x is the least positive root of 2 and t x is the least positive root of
The minimum is uniquely attained for the function
< 2 and
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Jo where the minimum is taken over all functions ueC which vanish at x -0 and x = α. If we let 
(p).
The differential system (1) with p(x) replaced by p(x) has the same lowest eigenvalue as the system
Furthermore, since p(x) is convex, so is p(x), x e [0, α], and the bound iί is also a bound of p(x). We now compare the lowest eigenvalue of the system (7) with that of the same system when p(x) is replaced by Since the first eigenfunction of the system (7) is a monotone increasing function, it follows from the comparison theorem [2] that
There will be equality if and only if p(x) = ft (a?), for if u(x) is the eigenfunction corresponding to the lowest eigenvalue of (7) with p(x) replaced by ft(ίc) Φ p(x) then (8) will be a strict inequality and hence
Jo Jo
But λ x (ft) is also the lowest eigenvalue of the system (1) with p(x)
replaced by
This is just the function (5) if 1 < -^-< 2 and the function (6) 
Instead of trying to find r(x) directly, we carry out a preliminary construction. As in Theorem 1, we denote the minimum points of u\{x) by x k (k = 0,1, , n) and the maximum points by x k (k = 1, 2, , n). We first consider each of the intervals (x k , x k+1 ) (k = 1, 2, , n -1) separately.
Let L(x) be any linear function such that L(x) ^ p(x), xe(x k ,x k+1 ) for some fixed integer k(l ^ k ^ n -1). Then m(x) = max {L(ίc), 0} satisfies the inequality 0 ^ m(x) ^ 2)(α?). Now let c k be any number such that c k ^ pί^^). Then there is a number α Λ such that 
Now consider the interval (a? fc , a? fc ). Let m(x) = max {L(a?), 0} where L(ίc) is any linear function such that L(x) ^ p(x) iί x e (x k , x k ).
There is a number δ fc such that
If 6 fc (α; -ίCj k) + c k ^ m(ίc) for a; e (» A , a? Λ ), we let
We may consider a k and b k to be functions of c k . They are continuous functions as is easily seen from the defining relations of a k and b k . It follows that there is a number y k ^ p(# Λ ) such that a k = 6 fc if c k -y k . For if c A = p(Xfc), the convexity of p(#) implies that a k -b k ^ 0. On the other hand, if c k is sufficiently large, a k -b k < 0. Hence, by the continuity, the value 7 k exists such that c k = y k implies a k -b k .
In the interval [x 0 , x^\, we define g Q (x, c 0 ) , in the same way that 9k(Xt c k ) was defined except that we specify c Q = p(0) -7 0 . Similarly in [x n , a] we define h n (x, c n ) as above except that we take c n = p(a) = y n .
We now let
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[h k (x, Ύ k 
. From (9) or (10), which ever applies, we have
The convexity of p(x) and the definition of r k (x) imply by Lemma 1 that
Similarly from (11) or (12) Furthermore, we have strict inequality unless r k (x) = jo(^) in each case.
We are now able to define the function r(x) by induction. We carry out the process only for n -3 to avoid unnecessary detail. In (x 0 , x x ), we let m(x) = 0 and define r λ (x) as above. In (x u x 2 ), we also define r 2 (α;) with m(x) -0. Then, comparing r x (β x ) and r 2 (β x ) we have the following alternatives:
(i) If r^Xj) > r 2 {x^) 9 we define a new function r 2 (x) with m(x) = max {^(x), 0}, a? e [x x , x 2 ] where we define r λ (x) in this interval by extrapolation.
(ii) If r λ {x^ < r 2 (^i), we define a new function r^a?) with m(x) = max {r 2 (ίc), 0}, a? e [x 0 , xj, where r 2 {x) is defined in this interval by extrapolation.
(iii) If r^) = τ 2 (β x ) we leave r x {x) and r 2 (x) as they are. Using whichever alternative applies, we define It is clear that the above process can be completed for any integer n. The function which we obtain by this method we call r(x). It will be a convex function since any two adjacent segments of the graph of r(x) can only have a point of intersection which lies on or below the graph of p(x). Since there is possibly a subinterval of [0, a] where r(x) may be zero, r(x) may have up to n + 2 linear pieces.
DALLAS BANKS
If we sum the inequalities (13) and (14) we find that
is convex if ε > 0 is small and hence
Since we must have 8X n (p) 0, it follows that p(x) is the same type of function as r (x) . From the method of determining r{x), we see the p(x) is a convex piece wise linear function with at most n + 2 linear segments.
We note from Theorem 2 that this is precisely the case when n = 1.
Concave density functions. We consider the case when p(x),
S a p(x)dx = M, that 0
is, when p(x) e E 3 (M, a).
THEOREM 4. Let X n (p) be the nth eigenvalue of a string with fixed end points and with a concave density function p(x) e E 3 (M, a). Then K(P) ^ K(P) where p(x) e E d (M, a) and is a piecewise linear concave function with at most n pieces.
The existence of a concave function ρ(x) such that max X n (p) = X n (p) peε 3 follows from Lemma 2. As in the previous cases, we must have δλ,^) ^ 0. We show that it is always possible to find a function q(x) such that a) is a piecewise linear concave function with at most n pieces. Hence, it follows that p(x) must be such a function. We find the function q(x) by the method used in the proof of Theorem 3. Thus, we seek a function r(x) such that
o Jo
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Where u n (x) is the eigenfunction corresponding to X n (p). To apply the method of Theorem 3, we consider
Jo Jo
Then -p(x) is convex and the zeros x k (k = 0, 1, 2, , n) of u n (x) are the maximum points of -ul{x). The maximum points x k (k = 1, 2, , n) of ?4(x) are the minimum points of -ul(x) .
Over each of the intervals (x k , x k+1 )(k -0,1, , n -1) we define -r k (x, c k ) where -p(x k ) ^ c k g 0. As in the convex case, there is a number γ fc such that r k (x, y k ) is linear at x -x k . Using the inductive argument as before, we let m(x) = L(x) since L(x) will be negative and form new functions -r k (x, y k ). Finally we obtain -r(x) which is convex and satisfies the inequality 5 The vibrating rodL The eigenvalue problem associated with a vibrating rod with clamped ends and density p(
As in the case of the string, we denote the ordered eigenvalues by 0 < \(p) < λ 2 θ) < .
That there should be strict inequalities in this expression has been shown in [6] . In this section, we consider the problem of finding upper bounds for these eigenvalues when p(x) is restricted to be either monotone, convex or concave. In the first two cases, we require in addition that p(x) 5g H < oo. As in the case of the string, we denote the set of all 
This follows in exactly the same manner as the result of Lemma 2. We need only note that the result of Krein quoted in Lemma 2 may be generalized to this case. The generalization is trivial for the Green's function of the system (15) and its first partial derivatives are bounded. Krein's proof then applies word for word to this case and hence the proof of Lemma 4 follows as in the proof of Lemma 2.
Jo where u n (x) is the normalized eigenfunction corresponding to X n (p).
The result is easily derived in the same way as the result of Lemma 3. The results of Theorems 1, 3 and 4 will now generalize to the case of a vibrating rod with clamped ends. The only question which arises concerns the properties of the eigenfunction u n (x) corresponding to X n (p). It must be true that u n (x) has the same general character as the wth eigenfunction of a vibrating string. In particular, it has been shown in [6] that u n (x) has exactly n -1 zeros in the open interval (0, a). Furthermore u 2 n (x) has exactly one maximum between any consecutive pairs of zeros. For suppose there are two or more maximum points between some consecutive pair of zeros. Then u' n (x) must have at least n + 4 zeros in [0, α] . Hence K{x), K'(x) and u 
Jo
In the case of the lowest eigenvalue, the density which gives the upper bound may be obtained precisely when pix) is convex or concave. It follows from the Rayleigh quotient as in Theorem 2 that for pix)
This and the above theorem thus show that when p(x) is convex, pix) is symmetric and piece wise linear with at most three linear pieces and that when pix) is concave, pix) is a constant. This result may also be obtained by the method used in the proof of Theorem 2. For such a membrane with a fixed boundary, the eigenvalues and eigenfunctions are determined by the integral equation [8] ( Integrating this with respect to </>, we have
We now consider
